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Abstract

The cubic P, G, D and I-WP triply periodic minimal surfaces (TPMS) may be closely approximated using periodic
nodal surfaces (PNS) with few Fourier terms, thus enabling easy generation of TPMS for use in various chemical and
physical applications. The accuracy of such approximations is quantitatively discussed and represented visually using a
colour coding. © 2001 Elsevier Science B.V. All rights reserved.

1. Introduction

A minimal surface is a surface for which the
mean curvature H = (k; + ky)/2 is zero at every
point, where k; and k, are the principal curvatures
in two mutually orthogonal planes [1]. The diver-
gence of the unit normal vector is thus zero
everywhere. The Gaussian curvature is defined
as K = kik,. A triply periodic minimal surface
(TPMYS) is infinite and periodic in three indepen-
dent directions. TPMS are omnipresent in the
natural and man-made worlds, providing a concise
description of many seemingly unrelated structures
[2]. They are of interest not only to the structural
chemist, but also to the biologist [3], structural
engineer and the materials scientist [4]. Consider-
ing the cubic TPMS, the structure of the zeolite
analcime is described by the G surface [5]; the P
surface occurs in etioplasts and in sea urchin
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spines [3]; and the D surface is found in glyceryl
mono-oleate/water mixtures [6]. However, TPMS
have so far been identified in real structures by
visual inspection. In order to be able to compare
real structures (for example, those stored in the
Cambridge Crystallographic Database) with
TPMS, it is necessary to be able to generate the
precise surface coordinates.

TPMS are built of fundamental units spanning
the asymmetric domain in a given crystallographic
symmetry group. Repetition of the unit by rotation
about a twofold axis along its perimeter, or by
mirror planes, gives rise to an infinite non-self-in-
tersecting surface. Some TPMS divide space into
two congruent regions which may (the G surface) or
may not (the P and D surfaces) be mirror images of
one another and are known as ‘balanced’ surfaces.
Unbalanced surfaces, such as the I-WP surface, di-
vide space into labyrinths of unequal volumes.

There are several ways of arriving at the coor-
dinates of TPMS. The Enneper—Weierstrass rep-
resentation [7] gives the coordinates of a minimal
surface as
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Re/ e’(1 — )R(1)dr,

y:Re/ e’i(1 + 1R (1) dx, (1)
= Re/ 192‘L'R
[on)
where i = —1 and © = 1, + i), associating with

function R(t) (the Weierstrass function) a surface
which is guaranteed to be minimal; 6 is known as
the Bonnet angle. The Cartesian coordinates of
any point are expressed as the real parts (Re) of
contour integrals, evaluated in the complex plane
from some fixed point w, to a variable point ®.
The coordinates of a minimal surface are deter-
mined by evaluating the integrals of its Weierstrass
function. Unfortunately, the function is known
only for several TPMS. It can be constructed if
there exists a surface patch from which the entire
surface can be generated by reflection or rotation
about the patch boundary [8-13], but not every
surface has this property. Analytical solutions us-
ing this method have been given for the P, D, G
and I-WP surfaces in terms of elliptic [14-16] and
hypergeometric [17] functions.

TPMS can also be constructed using conjugate
surface methods, by converting the free boundary
problem to the Plateau problem using the Bonnet
transformation. The method has been applied to
prove the existence theorems of conjectured TPMS
[18] and to generate new surfaces, but is limited to
surfaces of low genus.

The Surface Evolver, a computer program de-
vised by Brakke [19], enables the numerical gen-
eration of minimal surfaces. The coordinates of a
surface of mean curvature H, are calculated by
determining the =zero levels of the energy
J(H - H,)* dS using a finite element method. The
program also indicates whether or not the surface
in question would be physically stable.

1.1. Periodic nodal surfaces
TPMS, as well as other periodic surfaces, such

as the Fermi [20] and equipotential [21] surfaces,
can be approximated by the periodic nodal surface

(PNS) of a sum defined in terms of the Fourier
series [22 23]

ZF cos[2rk - r — a(k)] = 0, (2)

where k are the reciprocal lattice vectors for a
given lattice, o(k) is a phase shift, and the structure
factor F(k) is an amplitude associated with a given
k-vector.

Von Schnering and Nesper reported that the
topology of the TPMS is satisfactorily reproduced
by truncating the series (2) to the leading term,
giving the following nodal approximations of the
P, D, G and I-WP surfaces [21]

cosX +cosY +cosZ =0, (3a)
cosXcosYcosZ —sinXsinYsinZ =0, (3b)
sinX cosY +sinZcosX +sin Y cosZ =0, (3c)

2(cos X cosY + cosZcosX +cosY cosZ)
— (cos2X 4 cos2Y + cos2Z) =0, (3d)
where X = 2nx, Y = 2ny and Z = 2nz (Tables 1-4).

The mean and Gaussian curvatures are given in
terms of the unit normal vector n as [24]

H=V-n, (4)
2K=n-Vn+ V-0’ + [V xn]’, (5)
where n=VY(r)/|[V¥(r)] and V =id/ox+
j0/0y + ko/0z.

Table 1

Parameters used in the nodal approximation to the P surface
{hk 1} = cos(hx)[cos(ky) cos(lz) + cos(ly) cos(kz)]

+ cos(hy)[cos(kz) cos(lx) + cos(/z) cos(kx)]

+ cos(hz)[ cos(kx) cos(ly) + cos(Ix) cos(ky)]

h k ! Coefficient
Fitting 5 terms

1 0 0 1

1 1 1 —0.00956335
2 1 0 0.00959441
3 0 0 —-0.0181364
2 2 1 —-0.0292538
Fitting 2 terms

1 0 0 1

1 1 1 —-0.150763
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Parameters used in the nodal approximation to the D surface

189

{hkl}=cos (Iz—k+1)(cos (hx +1—%)cos (ky + 4 —1) + cos (hy + 41— &) cos (kx + 24— 1))
+cos (Ix —&+14)(cos (hy + 1 —£)cos (kz+L— 1) + cos (hz + 4+ — %) cos (ky + 1 — 1))
+cos (Ily —&+2)(cos (hz+1— %) cos (kx +4—1) + cos (hx + 1 — &) cos (kz + 12— 1))
+sin (Iz—&+2)(sin (hx +4—5)sin (ky +4— 1) +sin (hy + 1 — %) sin (kx +2 - 1))
+sin (Ix—£+2) (sin (hy +4—5)sin (kz+2—1) +sin (hz+ L — &) sin (ky + £ - 1))
+sin (ly —£+5)(sin (hz+4— %) sin (ke +4— 1) +sin (hx + £ — ) sin (kz + 42— 1))
h k / Coeflicient
1 1 1 1
3 3 1 0.0235559
5 1 1 0.00619501
Table 3

Parameters used in the nodal approximation to the G surface

(

{hk1} = cos (1)

cos (hx +1) cos (ky +4) cos (Iz+%) + cos (kx +4) cos (Iy +£) cos (hz + 1)

+cos (Ix +%) cos (hy +1) cos (kz + 1)

)

cos (kx +;/1) cos (hy—}—ﬁ—{) cos (lz +§) + cos (lx—}—%) cos (ky +;/1) cos (hz+ ’;‘)
+ cos (21
+cos (hx +%) cos (Iy +14) cos (kz + 1)
<si1‘1 (hx+1)sin (ky +4) sin (Iz +%) 4+ sin (ke +4) sin (Iy +%) sin (hz + 1)
+sin (Ix +%) sin (hy 4 L) sin (kz 4%
eon ity | )i )i o <)
i (kek2) sin (kx + 1) sin (hy +£) sin (Iz+ %) + sin (Ix +4) sin (ky + ) sin (hz + %)
+ sin ( 5
¢ +sin (hx + %) sin (Iy +4) sin (kz +£)

h k / Coefficient

1 1 0 1

2 2 2 —0.00382452

4 1 1 —0.000878436

3 3 0 0.00225091
Table 4
Parameters used in the nodal approximation to the I-WP surface

cos(hx)[cos(ky) cos(Iz) + cos(ly) cos(kz)]
h+k—+1
{hkl} = cos® < +4 * + cos(hy)[ cos(kz) cos(Ix) + cos(/z) cos(kx)]
+ cos(hz)[ cos(kx) cos(ly) + cos(/x) cos(ky)]

Constant ay = 0.0136536

h k / Coeflicient

1 1 0 1

0 0 0 0.0819216

2 0 0 —-0.107393

2 1 1 0.0517241

2 2 0 0.0555748

3 1 0 —-0.0163199

2 2 2 —0.00705269

3 2 1

0.00476839
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1.2. Generation of nodal surfaces

Although the ‘leading-term-only’ PNS are nei-
ther minimal nor constant-mean-curvature sur-
faces [25,26], they have been used as approximants
for such surfaces [26-28]. Brenner et al. [29] have
proposed the use of PNS to facilitate crystal
structure solution from X-ray powder diffraction
data. Their procedure constructs a PNS structure
envelope using just a few low-index reflections,
and has important implications for direct-space
methods of structure determination. Framework
atoms in 14 zeolites were found to lie on one side
of the calculated curved surface.

The first-order approximation for the P, D, G
and I-WP surfaces [21] used the {100} PNS in
space group Pm3m, {111} in space group Fd3m
(origin 3m or 43m), {110} in space groups 74,32
and {110}in space group Im3m (phase angle
o = 0), respectively. The structure factor was cal-
culated from

Z cos[2n(hx + ky + Iz) + o] = 0, (6)

hk,l

considering only one or two {hk [} planes for each
space group. We note that none of the resulting
surfaces was actually shown and the quality of the
nodal approximation was not quantitatively con-
sidered.

The space groups used in [21] are actually sub-
groups of the full generating space groups: /m3m
(No. 229) (for the P surface), Pn3m (No. 224) (D
surface), 7a3d (No. 230) (G surface) and Im3m
(No. 229) (I-WP surface). TPMS where the two
sides are of different colours (as for the D surface),
may need the use of a full group and/or a different
unit cell.

The quality of the approximation of a periodic
surface by nodal surfaces depends on the number
of terms in the Fourier series. We shall describe
an easy and accurate way of approximating cubic
TPMS by PNS. We have taken into account a
larger number of Fourier terms, and calculated
the (x,y,z) coordinates using Mathematica [30],
by summing (6) over a set of {hkl} planes ap-
propriate for each space group [31-34]. Periodic
density distributions are represented as the sums

of three-dimensional Fourier series, with the
terms cos[2n(hx + ky + Iz)] and sin[2n(hx + ky +
Iz)] corresponding to centrosymmetric and anti-
symmetric waves, respectively. The position of a
density point in the unit cell is (x,y,z), and the
direction of the wave normal is {hkl}. For ex-
ample, in the space group /m3m, every scattering
point is repeated by the symmetry elements to
give a set of 48 waves, which can be consolidated
into a single formula involving the general ex-
pressions for 4 and B, the centro-symmetric and
the anti-symmetric components [31-34]. The val-
ue of B depends on the choice of origin of the
unit cell. For an origin coinciding with the centre
of symmetry, B = 0, but if, as is often convenient,
we choose another origin, B is related to 4 by a
phase shift. We therefore chose unit cell origin
coincident with the centre of symmetry.

To represent a TPMS as the nodal surface, we
first generate the coordinates of a given surface
using the exact analytical expressions [14-17]. We
next select the general structure factor expression
for 4 for the appropriate space group, and set up
an equation

ﬁ)(x7y7z) +611f1 (xayvz) +a2f2(x7yaz) + a3f3(x7y72)

+ -t afulx,y,z) =0, (7)

where f;(x,y,z) are the structure factor expressions
for the set of planes considered, and the a; are
constant coefficients. The next step is to find a set
of coefficients a; which best fit the exact TPMS
coordinates. The coefficient of the leading term,
JSo(x,y,z), in (7) is set to 1. The I-WP surface is
unbalanced, and it is necessary to add a constant
term, ay, to (7). When fitting Fourier terms it is
essential to use the Singular Value Decomposition
(SVD) procedure rather than the Pseudo Inverse
method, with a suitable tolerance to ensure sta-
bility [35].

The choice of the most suitable leading term
was initially made intuitively or by trial and er-
ror [21]. In general, it is helpful to consider
separately the indices {100}, {110}, {111},
etc., for the main space groups concerned and
see whether the general shape of the desired
TPMS is reproduced.
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P surface

one term

5terms

Fig. 1. Left: Colouring of the {100} nodal surface approximation to the P surface in the space group Pm3m according to the mean
curvature (the value of V -n) calculated at the centre of mass of each tessellating polygon. Right: Colouring of the nodal surface
approximation to the P surface (Table 1). The light blue colour at the centre of the colour scale corresponds to zero mean curvature.
The left-hand side has been assigned the numerical value 0, progressing to the value 1 as we move to the right-hand side. The colouring

is cyclical so that 0 and 1 are of the same colour.

Trial nodal surfaces were plotted as tessellating
polygons. The divergence of the unit vector nor-
mal to each polygon at its centre of gravity was
calculated and represented visually by assigning a
colour to the polygon (Figs. 1-4). Colours of the
visible spectrum were assigned numerical values
from 0 to 1 cyclically, so that 0.5 (light blue) cor-
responds to a minimal surface (i.e., to zero diver-
gence). Thus, the colour assigned the numerical
value of 0.2 represents V - n = —0.3. The quality of
each approximation can therefore be visualised.
A quantitative assessment of the quality of the
approximation was given by the value of

\/((V -n)?) at the centre of gravity. Clearly, the
accuracy of the approximation increases with the
number of polygons used to sample the surface.

1.3. Results and discussion

The leading-term-only nodal approximations
to TPMS are shown on the left-hand side of
Figs. 1-4 and the numerical results are listed in

Table 5. It is clear that the general topology of all
four TPMS is very well reproduced. The PNS
approximating the D and G surfaces (Figs. 2 and
3) are very nearly minimal (see the rms values in
Table 5) and can be used in practical applications
(such as modelling of diffusion or the catalytic
activity of the molecular sieves in which they
occur) without further refinement. However, the
PNS approximating the P surface (Fig. 1) con-
tains patches, coinciding with areas of the highest
Gaussian curvature, where the surface deviates
considerably from minimal, and the approxima-
tion to the IW-P surface (Fig. 4 and Table 5) is
generally unsatisfactory.

The leading-term-only approximations were
refined by adding further terms whose zeros coin-
cide with the symmetry of the surface, together
with appropriate coefficients [26]. The structure
factor expressions used are given in Tables 1-4.
Symmetry simplifies the procedure. Thus the G
and I-WP surfaces are body-centred cubic, so
expansion terms are those for which the sum
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D surface
one term 3 terms

Fig. 2. Left: Colouring of the {111} nodal surface approximation to the D surface in the space group Fd3m according to the mean
curvature calculated at the centre of mass of each tessellating polygon. Right: Colouring of the nodal surface approximation to the D
surface (Table 2).

G surface
one term 4 terms

= :
Y/

Fig. 3. Left: Colouring of the {110} nodal surface approximation to the G surface in the space group /4, 32 according to the mean
curvature calculated at the centre of mass of each tessellating polygon. Right: Colouring of the nodal surface approximation to the G
surface (Table 3).
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I-WP surface

one term

8 terms + constant

2 |/ =
S

\“\J/

193

Fig. 4. Left: Colouring of the {110} nodal surface approximation to the I-WP surface in the space group /m3m with phase angle
o = 0 according to the mean curvature calculated at the centre of mass of each tessellating polygon. Right: Colouring of the nodal

surface approximation to the I-WP surface (Table 4).

Table 5
Summary of the results of surface approximation (bcc = body-centred, fcc =face centred)?
Surface P D G I-WP
Points per unit cell 2160 8640 2400 3120
Leading term See Eq. (3a) See Eq. (3b) See Eq. (3c) See Eq. (3d)
rms mean curvature of leading 3.2148 x 1072 3.4567 x 1073 1.0339 x 103 0.1394
term/length
Number of terms fitted Sand 2 3 15 8 + constant
Terms added All fee bee bee
rms mean curvature of fitted 3.3077 x 107 (5 terms) 1.3388 x 10~° 3.03102 x 10~¢ 2.62507 x 10~*
surface/length > 1.6954 x 107* (2 terms)
rms error in f(x,y,z) = 0 2.1017 x 107¢ (5 terms) 1.2940 x 103 5.72459 x 103 1.57924 x 10~*
4.7356 x 107° (2 terms)
Number of polygons used 11396 (5 terms) 18122 14613 8976
19148 (2 terms)
Exact normalised surface-to-volume 2.345102 884 2.417652872 2.453680568 3.464101616
ratio, .« /v*?
o /7% for the leading term 2.353 407 2.418401 2.453824 3.556094
A7 )scadimg! LT7 ) exaen 1.003 541 1.000309 1.000058 1.026556
(Vei/"Vm)med 2.345217 (5 terms) 2.418266 2.453681 3.464180
2.345211 (2 terms)
(ALY tieal V) ot 1.004867 (5 terms) 1.000253 1.000000 1.000023

1. 0000459 (2 terms)

St |V 2/3 (dimensionless), where .o/ and 7" are the area and volume of the unit cell, respectively, is the normalized surface-to-volume

ratio.
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h+k+1 is even, ie., {110}, {200}, {211},
{220}, etc. The D surface is face-centred cubic
and requires only terms where the {#k/} are all
odd or all even. The P surface has a primitive cell,
and all terms must be included. For the unbal-
anced I-WP surface a constant term, a,, has been
added to (7).

As more terms are added to the expansion, the
quality of the nodal approximation greatly im-
proves, but the values of the coefficients change, so
that the basis set for expansion is non-orthogonal
(Tables 1-4). The leading terms were given a
weighting of 1. The colouring of the surfaces
generated by the full nodal approximations is
shown on the right-hand side of Figs. 1-4, and the
numerical results are given in Table 5. It is clear
that the P, D and G surfaces are approximated
almost perfectly using PNS with 5, 3 and 15
Fourier terms. Using only two terms for the P
surface gives only a slightly worse approximation
(surface not shown).

Even with the constant term included, the nodal
approximation for the I-WP surface is less satis-
factory, and the colouring still reveals synclastic
regions (Fig. 4). The values of all the coefficients in
Table 4 are relatively large and do not decrease as
more terms are added. This suggests that the ex-
pansion for this surface converges very slowly, and
many more Fourier terms are required to achieve
the same degree of accuracy as for the other sur-
faces.

The PNS are based on simple trigonometric
functions, and provide a more readily accessible
representation of TPMS than the analytical
methods or the Enneper—Weierstrass parameteri-
sation. The results enable the study of the me-
chanical properties of TPMS (vital for their use in
engineering materials), the calculation of geodesic
surface trajectories of molecules on the surface,
and finally percolation and diffusion coefficients,
needed to model the catalytic activity and related
properties of curved objects.
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